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ASYMPTOTIC EXPANSIONS FOR THE RADII
OF STARLIKENESS OF NORMALISED BESSEL FUNCTIONS
A´RPA´D BARICZ AND GERGO˝ NEMES
Abstract. The asymptotic behaviour, with respect to the large order, of the radii of starlike-
ness of two types of normalised Bessel functions is considered. We derive complete asymptotic
expansions for the radii of starlikeness and provide recurrence relations for the coefficients of
these expansions. The proofs rely on the notion of Rayleigh sums and asymptotic inversion.
The techniques employed in the paper could be useful to treat similar problems where inversion
of asymptotic expansions is involved.
1. Introduction
Bessel functions are important members of classical special functions and appear frequently
in problems related to mathematical analysis, mathematical physics or engineering. The study
of their geometric properties from the point of view of complex function theory was initiated in
the 1960’s by Brown, Hayden, Kreyszig, Merkes, Scott, Robertson and Wilf (see for example the
papers [Br60], [Br62], [Br82], [HM64], [KT60], [MRS62], [Ro54] and [Wi62]). Following
the proof by de Branges [Br85] of the famous Bieberbach conjecture on univalent functions in
1985, the hypergeometric functions came into the spotlight of complex function theory, and the
geometric properties of these functions have been studied intensively (see, e.g, [Ku¨02], [Ku¨07],
[MM90], [PV01] and [RS86]). However, some of the results obtained on starlikeness and con-
vexity of hypergeometric functions were stated in the form of sufficient conditions only (and
not necessary), and in some cases it was not possible to find the optimal range of parame-
ters so that the corresponding hypergeometric functions belong to some subclasses of univalent
functions. Motivated by the results on hypergeometric functions, during the last decade, the geo-
metric properties (such as univalence, starlikeness, convexity, uniform convexity, etc.) of Bessel
functions have also been studied extensively (see for example the papers [ABY17], [BKS14],
[BOS16], [BS14], [DS17] and the references therein). The case of Bessel functions has been
more fortunate: the radii and order of starlikeness and convexity (uniform convexity as well) for
normalised Bessel functions of the first kind were determined successfully and studied intensively.
The main aim of the present paper is to make a contribution to the subject from the point of
view of asymptotic analysis. By using the asymptotic behaviour of the Rayleigh sums (convergent
Laurent series expansions at infinity) of the positive zeros of the Bessel function of the first kind,
we derive complete asymptotic expansions, with respect to the large order, for the radii of
starlikeness of two types of normalised Bessel functions. We provide recurrence relations, in
terms of ordinary potential polynomials, for the coefficients of these expansions. The results
presented in this paper improve, complement and extend the known results in the literature, and
our method is more precise than that of Wilf’s which is based on Euler–Rayleigh inequalities
(see for example the papers [Wi62] and [ABY17] for more details).
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It is worth mentioning that our approach can be useful to tackle similar problems where
asymptotic inversion is involved. For example, the derivations of the asymptotic expansions for
the large zeros of Bessel functions [Ol54] and for the inverse of the normalised incomplete gamma
function [NO19] can be supplemented by our methods (the asymptotic nature of the expansions
in these works was not proved rigorously).
The rest of the paper is organised as follows. In Section 2, we present the main results of the
paper: the asymptotic expansions for the radii of starlikeness of two kinds of normalised Bessel
functions. The proofs of the theorems and those of the necessary lemmas are given in Section 3.
Finally, the paper concludes with a short discussion in Section 4.
2. Main results
Before stating our results, we introduce the necessary notation and definitions. For any
positive integer k and real ν, ν > −1, we define the Rayleigh function or Rayleigh sum via
σk(ν) =
∞∑
n=1
1
j2kν,n
,
where jν,n denotes the nth positive zero of the Bessel function of the first kind Jν . The following
preliminary results are important ingredients in the proof of our main results concerning the as-
ymptotic expansions for the radii of starlikeness of normalised Bessel functions, however because
of the importance of these Rayleigh sums in problems related to Bessel functions they may be
of independent interest. The proofs of these lemmas are given in Section 3. Throughout this
paper, if not stated otherwise, empty sums are taken to be zero.
Lemma 1. For any positive integer k and real ν, ν > k, the Rayleigh function σk(ν) has the
convergent Laurent expansion
(2.1) σk(ν) =
1
ν2k−1
∞∑
m=0
σ
(k)
m
νm
,
where, for any fixed non-negative integer m, the coefficients σ
(k)
m can be computed by the recur-
rence relation
(2.2) σ(1)m =
(−1)m
4
, σ(k)m =
m∑
i=0
i∑
j=0
k−1∑
n=1
(−k)m−iσ(n)j σ(k−n)i−j , k ≥ 2.
In particular, we have
σ(2)m =
(−1)m
16
(
2m+2 −m− 3) , σ(3)m = (−1)m256 (3m+4 − 2m+7 + 2(m+ 4)(m+ 6) + 7) .
Lemma 2. For any positive integer k and positive real ν, the Rayleigh sum σk(ν) satisfies the
inequalities
(2.3) σk(ν) ≤
(
2k
k
)
1
22k+1(2k − 1)
1
ν2k−1
≤ 1
ν2k−1
.
The coefficients in our asymptotic expansions for the radii of starlikeness will be given in
terms of recurrence relations involving ordinary potential polynomials of the σ
(k)
m ’s. For any
fixed complex µ and arbitrary non-negative integer n, the ordinary potential polynomial Aµ,n is
a polynomial in n (complex) variables and is defined by the generating function(
1 +
∞∑
n=1
xnz
n
)µ
=
∞∑
n=0
Aµ,n(x1, x2, . . . , xn)z
n.
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Thus, in particular, Aµ,0 = 1, Aµ,1 = µx1 and Aµ,2 = µx2 +
(
µ
2
)
x21. For basic properties of these
polynomials, see, e.g., [Ne13, Appendix].
Let Dr = {z ∈ C : |z| < r}, where r > 0, and let f : Dr → C be a normalised univalent or
one-to-one function, which satisfies the conditions f(0) = 0 and f ′(0) = 1, that is, f is of the
form f(z) = z+ a2z
2+ a3z
3+ . . . , where the coefficients a2, a3, . . . are real or complex numbers.
The radius of univalence of the function f is the largest radius r for which f maps univalently
the open disk Dr into some domain in the complex plane. Similarly, the radius of starlikeness of
the function f is the largest radius r for which f maps Dr into a starlike domain with respect
to the origin. Since the class of normalised starlike functions (with respect to the origin) is a
subclass of univalent functions, the radius of univalence of f is clearly allways greater or equal
than the radius of starlikeness of the same function f . In view of the analytic characterization
of starlike functions, the radius of starlikeness is given by
r⋆(f) = sup
{
r > 0 : ℜ
(
zf ′(z)
f(z)
)
> 0 for all z ∈ Dr
}
(see, e.g., [Ne21]).
Now, consider the normalised Bessel function of the first kind φν : Dr → C, defined by
(2.4) φν(z) = 2
νΓ(ν + 1)z1−
ν
2 Jν(
√
z),
where ν > −1 and Jν is the Bessel function of the first kind of order ν [DLMF20, §10.2(ii)]. The
function φν is also well-defined if ν < −1 and ν is not a negative integer, however the condition
ν > −1 is important in our paper since only in this case the zeros of the Bessel function Jν are all
real (according to an old result of von Lommel [Wa44, Ch. XV, §15.25]) and the reality of the
zeros is essential in this paper. This is because all the results in the paper [BKS14] on the radii
of starlikeness, which we shall use here, hold under the condition that ν > −1. It was shown (see
[BKS14, Corollary 1]) that for ν > −1 the radius of starlikeness of φν is the smallest positive
root of the equation
√
zJ ′ν(
√
z)+(2−ν)Jν(
√
z) = 0. We also know that the radius of starlikeness
of φν , denoted by r
⋆(φν), corresponds to the radius of univalence of φν (see [ABY17, Theorem
2]), and that it satisfies
lim
ν→+∞
r⋆(φν)
4(ν + 1)
= 1.
Moreover, by using some Euler–Rayleigh inequalities, it was proved (see also [ABY17, Theorem
2]) that the asymptotic formula
(2.5) r⋆(φν) = 4(ν + 1)
(
1− 1
ν
+O
(
1
ν2
))
holds as ν → +∞. The following theorem gives a complete asymptotic expansion for the radii
of starlikeness of the function φν .
Theorem 1. The radius of starlikeness r⋆(φν) has the asymptotic expansion
(2.6) r⋆(φν) ∼ 4ν
(
1 +
∞∑
k=1
εk
νk
)
= 4ν
(
1 +
1
ν2
− 4
ν4
+
2
ν5
+
44
ν6
− · · ·
)
,
as ν → +∞, where the coefficients εk can be determined recursively by
(2.7) εk = (−1)k+1 −
k−1∑
n=1
(−1)k−nεn −
k+1∑
n=2
4n
k−n+1∑
m=0
σ
(n)
k−n−m+1An,m(ε1, ε2, . . . , εm).
Remark 1. It is readily seen from (2.2), by using an induction argument in k, that 4kσ
(k)
m is an
integer for any k ≥ 1 and m ≥ 0. Consequently, the coefficients εk are all integer valued.
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Remark 2. By employing a simple algebraic manipulation, the asymptotic expansion (2.6) may
be re-arranged to the alternative form
r⋆(φν) ∼ 4(ν + 1)
(
1 +
∞∑
k=1
δk
νk
)
= 4(ν + 1)
(
1− 1
ν
+
2
ν2
− 2
ν3
− 2
ν4
+ · · ·
)
,
which shares a closer resemblance to (2.5). The coefficients δk can be computed via the simple
recursion δ1 = −1 and δk = εk − δk−1 for k ≥ 2.
Next, consider the normalised Bessel function of the first kind ϕν : Dr → C, defined by
(2.8) ϕν(z) = 2
νΓ(ν + 1)z1−νJν(z),
where ν > −1. This function is also well-defined if ν < −1 and ν is not a negative integer, however
the condition ν > −1 is again essential because of the reality of the zeros of Jν . It is known (cf.
[Br60, Theorem 3] or [BKS14, Corollary 1]) that for ν > −1 the radius of starlikeness of the
function ϕν is the smallest positive root of the equation zJ
′
ν(z)+(1−ν)Jν(z) = 0. We also know
that the radius of starlikeness of ϕν , denoted by r
⋆(ϕν), corresponds to the radius of univalence
of ϕν (see [Wi62, Theorem 2]), and, as ν → +∞, it satisfies [Wi62, Theorem 2]
(2.9) r⋆(ϕν) =
√
2ν
(
1 +
1
4ν
+O
(
1
ν2
))
.
While studying the asymptotic behaviour of the quantity r⋆(ϕν), we observed that the recurrence
relation for the asymptotic expansion coefficients is much simpler and presentable if one consid-
ers instead the square of r⋆(ϕν). Therefore, in the following theorem, we provide a complete
asymptotic expansion for (r⋆(ϕν))
2.
Theorem 2. The square of the radius of starlikeness r⋆(ϕν) has the asymptotic expansion
(2.10) (r⋆(ϕν))
2 ∼ 2ν
(
1 +
∞∑
k=1
ρk
νk
)
= 2ν
(
1 +
1
2ν
+
1
2ν2
− 1
2ν3
− 1
2ν4
+ · · ·
)
,
as ν → +∞, where the coefficients ρk can be determined recursively by
ρk = (−1)k+1 −
k−1∑
n=1
(−1)k−nρn −
k+1∑
n=2
2n+1
k−n+1∑
m=0
σ
(n)
k−n−m+1An,m(ρ1, ρ2, . . . , ρm).
A simple corollary of Theorem 2 and Exercise 8.4 of Olver [Ol97, p. 22] is the following
generalisation of (2.9).
Corollary 1. The radius of starlikeness r⋆(ϕν) has the asymptotic expansion
r⋆(ϕν) ∼
√
2ν
(
1 +
∞∑
k=1
pik
νk
)
=
√
2ν
(
1 +
1
4ν
+
7
32ν2
− 39
128ν3
− 405
2048ν4
+ · · ·
)
,
as ν → +∞, where the coefficients pik can be computed via the recurrence relation
pik =
1
2
ρk − 1
2
k−1∑
n=1
pinpik−n.
Remark 3. A third type of normalised Bessel function of the first kind that is studied frequently
in the literature is
θν(z) = (2
νΓ(ν + 1)Jν(z))
1
ν ,
ASYMPTOTIC EXPANSIONS FOR THE RADII OF STARLIKENESS 5
with ν > 0. It is known (see [Br60, Theorem 2] or [BKS14, Corollary 1]) that the radius of
starlikeness of θν , denoted by r
⋆(θν), is the smallest positive zero of J
′
ν . Accordingly, by a result
of Olver [Ol54],
r⋆(θν) ∼ ν − α
2
1
3
ν
1
3 +
2
1
3
10
(
3
2
α2 +
1
α
)
1
ν
1
3
+
1
100
(
α3
7
− 4 + 1
α3
)
1
ν
+ · · ·
as ν → +∞, where α denotes the first negative zero of the derivative of the Airy function Ai.
Olver derived his expansions for the zeros of J ′ν through an asymptotic inversion of J
′
ν in its
transition region. The asymptotic nature of the expansions was not demonstrated rigorously,
however, it is possible to fill this gap by the methods of the present work. The details are not
considered here.
3. Proofs of the results
In this section, we prove Lemmas 1 and 2, and Theorems 1 and 2.
Proof of Lemma 1. Since σk(ν) = O(ν1−2k) (cf. Lemma 2) and σk(ν) is a meromorphic function
of ν with poles at ν = −1,−2, . . . ,−k, it admits a Laurent series expansion of the form (2.1),
which converges for ν > k. In particular, for k = 1,
σ1(ν) =
1
4(ν + 1)
=
1
ν
∞∑
m=0
(−1)m
4
1
νm
, ν > 1
(see, for instance, [Ke99] or [Wa44, Ch. XV, §15.51]). Hence, σ(1)m = (−1)
m
4 for m ≥ 0. To
derive the recurrence formula (2.2), we substitute (2.1) into the known convolution relation (see,
e.g., [Me56], [Ki63, p. 532] or [Ke99])
(3.1) σk(ν) =
1
ν + k
k−1∑
n=1
σn(ν)σk−n(ν), k ≥ 2,
employ the expansion
(3.2)
1
ν + k
=
1
ν
∞∑
m=0
(−k)m
νm
, ν > k,
and equate like powers of ν. 
Proof of Lemma 2. We prove, by induction on k, that for any positive integer k and positive
real ν, the Rayleigh function σk(ν) satisfies the first inequality in (2.3). The second inequality
follows easily by noting that for any positive integer k,(
2k
k
)
1
22k+1(2k − 1) ≤
22k
k1/2
1
22k+1
2
k
=
1
k3/2
≤ 1.
For k = 1, the first inequality in (2.3) states that
σ1(ν) ≤ 1
4ν
,
for any ν > 0. This is clearly true since σ1(ν) =
1
4(ν+1) . Let k ≥ 2 and suppose that the first
inequality in (2.3) holds for all σm(ν) with 1 ≤ m ≤ k − 1 and ν > 0. Then, by employing the
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convolution relation (3.1), we find
σk(ν) ≤ 1
ν + k
k−1∑
n=1
(
2n
n
)
1
22n+1(2n− 1)
1
ν2n−1
(
2k − 2n
k − n
)
1
22k−2n+1(2k − 2n− 1)
1
ν2k−2n−1
≤ 1
ν2k−1
k−1∑
n=1
(
2n
n
)
1
22n+1(2n− 1)
(
2k − 2n
k − n
)
1
22k−2n+1(2k − 2n− 1)
=
1
ν2k−1
(
2k
k
)
1
22k+1(2k − 1) .

Proof of Theorem 1. Assume that ν ≥ 0. From the infinite product representation of the Bessel
function Jν [DLMF20, Eq. 10.21.15] and the definition (2.4) of φν we can assert that
φν(z) = z
∞∏
n=1
(
1− z
j2ν,n
)
for any z ∈ C, where jν,n denotes the nth positive zero of Jν . Taking the logarithm of both sides
and differentiating with respect to z, we deduce
(3.3)
φ′ν(z)
φν(z)
=
1
z
+
∞∑
n=1
1
z − j2ν,n
.
It is known (see the proof of [BKS14, Theorem 1]) that the radius of starlikeness of the function
φν equals to the first positive zero of φ
′
ν . Accordingly, (3.3) vanishes at r
⋆(φν), that is
(3.4)
1
r⋆(φν)
=
∞∑
n=1
1
j2ν,n − r⋆(φν)
.
Now, in view of (2.5) let r⋆(φν) = 4ν(1+ε(ν)), where ε(ν) = O(ν−2) as ν → +∞. Since jν,n > ν
for ν ≥ 0 and n ≥ 1 (cf. [DLMF20, Eq. 10.21.3]), we can re-arrange (3.4) in the form
1
4ν(1 + ε(ν))
=
∞∑
n=1
1
j2ν,n − 4ν(1 + ε(ν))
=
∞∑
n=1
1
j2ν,n
1
1− 4ν(1 + ε(ν))
j2ν,n
=
∞∑
n=1
1
j2ν,n
∞∑
k=0
(4ν(1 + ε(ν)))k
j2kν,n
=
∞∑
k=0
(4ν(1 + ε(ν)))k
∞∑
n=1
1
j2k+2ν,n
=
∞∑
k=0
(4ν(1 + ε(ν)))kσk+1(ν),
or
(3.5) 1 =
∞∑
k=1
(1 + ε(ν))
k
(4ν)kσk(ν),
provided ν is sufficiently large. Now, we write
(3.6) ε(ν) =
N−1∑
n=1
εn
νn
+RN (ν),
where the coefficients εn are given by the recurrence relation (2.7). We shall prove by induction
on N that RN (ν) = ON (ν−N ) for any N ≥ 1 as ν → +∞. (Throughout this paper, we use
subscripts in the O notations to indicate the dependence of the implied constant on certain
parameters.) It can be shown, using the second Rayleigh sum of the zeros of φ′ν (cf. [ABY17]),
that the second positive zero is at least of order ν3/2, whence (3.6) indeed corresponds to r⋆(φν).
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The statement is true when N = 1 since R1(ν) = ε(ν). Let N ≥ 2 and suppose that the
statement holds for all Rk(ν) with 1 ≤ k ≤ N − 1. We re-write equation (3.5) in the form
(3.7) 1 = (1 + ε(ν)) (4ν)σ1(ν) +
N−1∑
k=2
(1 + ε(ν))
k
(4ν)kσk(ν) +
∞∑
k=N
(1 + ε(ν))
k
(4ν)kσk(ν).
We would like to simplify the right-hand side as much as possible. With the aid of Lemma 1,
the first term can be re-expressed as
(1 + ε(ν)) (4ν)σ1(ν) =
(
1 +
N−1∑
n=1
εn
νn
+RN (ν)
)
(4ν)σ1(ν)
=
(
1 +
N−1∑
n=1
εn
νn
)
(4ν)σ1(ν) +RN (ν)(4ν)σ1(ν)
=
(
1 +
N−1∑
n=1
εn
νn
)
∞∑
n=0
(−1)n
νn
+RN (ν)(4ν)σ1(ν)
= 1 +
N−1∑
k=1
(
(−1)k +
k∑
n=1
(−1)k−nεn
)
1
νn
+ON
(
1
νN
)
+RN (ν)(4ν)σ1(ν).
We expand the second term on the right-hand side of (3.7) by employing Lemma 1, the induc-
tion hypothesis on the remainder terms R1(ν), . . . , RN−1(ν) and the definition of the ordinary
potential polynomials:
N−1∑
k=2
(1 + ε(ν))
k
(4ν)kσk(ν) =
N−1∑
k=2
(
1 +
N−k∑
n=1
εn
νn
+RN−k+1(ν)
)k
4k
νk−1
∞∑
m=0
σ
(k)
m
νm
=
N−1∑
k=2
(
1 +
N−k∑
n=1
εn
νn
+ON−k+1
(
1
νN−k+1
))k
4k
νk−1
∞∑
m=0
σ
(k)
m
νm
=
N−1∑
k=2
(
N−k∑
n=0
Ak,n(ε1, ε2, . . . , εn)
1
νn
+ON−k+1
(
1
νN−k+1
))
4k
νk−1
∞∑
m=0
σ
(k)
m
νm
=
N−1∑
k=2
4k
νk−1
(
N−k∑
n=0
(
n∑
m=0
σ
(k)
n−mAk,m(ε1, ε2, . . . , εm)
)
1
νn
+ON−k+1
(
1
νN−k+1
))
=
N−1∑
k=2
4k
N−k∑
n=0
(
n∑
m=0
σ
(k)
n−mAk,m(ε1, ε2, . . . , εm)
)
1
νn+k−1
+ON
(
1
νN
)
=
N−2∑
k=1
(
k+1∑
n=2
4n
k−n+1∑
m=0
σ
(n)
k−n−m+1An,m(ε1, ε2, . . . , εm)
)
1
νk
+
(
N−1∑
n=2
4n
N−n∑
m=0
σ
(n)
N−n−mAn,m(ε1, ε2, . . . , εm)
)
1
νN−1
+ON
(
1
νN
)
.
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Finally, from Lemmas 1 and 2, we can infer that the third term on the right-hand side of (3.7) is
∞∑
k=N
(1 + ε(ν))
k
(4ν)kσk(ν) = (1 + ε(ν))
N
(4ν)NσN (ν) +
∞∑
k=N+1
(1 + ε(ν))
k
(4ν)kσk(ν)
= (1 + ε(ν))
N
(4ν)N
(
σ
(N)
0
ν2N−1
+
1
ν2N−1
∞∑
m=1
σ
(N)
m
νm
)
+
∞∑
k=N+1
(1 + ε(ν))
k
(4ν)kσk(ν)
= (1 + ε(ν))N
4Nσ
(N)
0
νN−1
+ (1 + ε(ν))N
4N
νN−1
∞∑
m=1
σ
(N)
m
νm
+
∞∑
k=N+1
(1 + ε(ν))k (4ν)kσk(ν)
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
+
∞∑
k=N+1
(1 + ε(ν))k (4ν)kσk(ν)
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
+O(1)
∞∑
k=N+1
(1 + ε(ν))
k
(4ν)k
1
ν2k−1
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
+O(1) (4 + 4ε(ν))N+1 1
νN
∞∑
k=0
(4 + 4ε(ν))
k 1
νk
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
+O(1) (4 + o(1))N+1 1
νN
∞∑
k=0
(4 + o(1))
k 1
νk
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
+ON
(
1
νN
)
=
4Nσ
(N)
0
νN−1
+ON
(
1
νN
)
.
Substituting these results into (3.7) and applying the recurrence relation (2.7) in the form
(−1)k +
k∑
n=1
(−1)k−nεn +
k+1∑
n=2
4n
k−n+1∑
m=0
σ
(n)
k−n−m+1An,m(ε1, ε2, . . . , εm) = 0,
equation (3.7) simplifies to
1 = 1 +ON
(
1
νN
)
+RN (ν)(4ν)σ1(ν) +ON
(
1
νN
)
+ON
(
1
νN
)
,
i.e.,
RN (ν)σ1(ν) = ON
(
1
νN+1
)
as ν → +∞. Since σ1(ν) = 14(ν+1) , it follows that RN (ν) = ON (ν−N ), completing the proof of
Theorem 1. 
Proof of Theorem 2. We can proceed similarly as in the case of Theorem 2. Assume that ν ≥ 0.
Combining the infinite product representation of the Bessel function with the definition (2.8) of
the function ϕν yields
ϕν(z) = z
∞∏
n=1
(
1− z
2
j2ν,n
)
for any z ∈ C. Taking the logarithm of each side and differentiating with respect to z, we obtain
(3.8)
ϕ′ν(z)
ϕν(z)
=
1
z
−
∞∑
n=1
2z
j2ν,n − z2
.
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It is known (see [Br60, Theorem 3] or the proof of [BKS14, Theorem 1]) that the radius of
starlikeness of the function ϕν is equal to the first positive zero of ϕ
′
ν . Consequently, (3.8)
vanishes at r⋆(ϕν), that is
(3.9)
1
(r⋆(ϕν))
2 =
∞∑
n=1
2
j2ν,n − (r⋆(ϕν))2
.
Now, in view of (2.9) let r⋆(ϕν) =
√
2ν(1 + ρ(ν)), where ρ(ν) = O(ν−1) as ν → +∞. With this
notation, (3.9) can be re-arranged in the form
1
2ν(1 + ρ(ν))
=
∞∑
n=1
2
j2ν,n − 2ν(1 + ρ(ν))
=
∞∑
n=1
1
j2ν,n
2
1− 2ν(1 + ρ(ν))
j2ν,n
= 2
∞∑
n=1
1
j2ν,n
∞∑
k=0
(2ν(1 + ρ(ν)))k
j2kν,n
= 2
∞∑
k=0
(2ν(1 + ρ(ν)))k
∞∑
n=1
1
j2k+2ν,n
= 2
∞∑
k=0
(2ν(1 + ρ(ν)))kσk+1(ν),
or
1
2
=
∞∑
k=1
(1 + ρ(ν))k(2ν)kσk(ν),
provided ν is sufficiently large. The remaining part of the proof is completely analogous to that
of Theorem 1, and we leave the details to the interested reader. 
4. Discussion and future work
In this paper, by using convergent Laurent series expansions for the Rayleigh sums of the
positive zeros of the Bessel function of the first kind and asymptotic inversion, we obtained
complete asymptotic expansions for the radii of starlikeness of two types of normalised Bessel
functions. An essential ingredient of the proofs was the fact that the radii of starlikeness of these
two normalised Bessel functions are equal to the radii of univalence of the same functions, which
are in turn the first positive zeros of their respective derivatives.
It is expected that the techniques employed in the paper could be useful to treat similar
problems related to other special functions, such as the Kummer hypergeometric functions, the
Coulomb wave functions or the q-Bessel functions. In the case of the Kummer hypergeometric
functions, the classical approach to consider the range of the parameters when all the zeros are
real does not work, however we believe that the radii of starlikeness of normalised Kummer
functions can be studied through continued fractions. Regarding the Coulomb wave functions
and the q-Bessel functions, we expect that our approach can be used directly. A possible difficulty
could arise from the more complicated nature of the corresponding Rayleigh sums of the positive
(and negative) zeros of these functions (cf. [BMEE16] and [AB17]).
Another direction in research may be the study of the radii of convexity of the normalised
Bessel-, Kummer hypergeometric-, Coulomb wave- and q-Bessel functions and the derivation of
asymptotic expansions for these quantities when the parameters become large. Apparently, the
methods of the present paper are not directly applicable in these cases, however, we believe that
by an appropriate reformulation of the problems or modification of our techniques, they can be
tackled successfully.
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